チョウワ シャゾウ ト チョウゴウセイ コテイテン セイシツ チョウワ シャゾウロン ノ シンカ ト テンボウ by 納谷, 信
Title調和写像と超剛性・固定点性質 (調和写像論の深化と展望)
Author(s)納谷, 信




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
SUPERRIGIDITY AND FIXED-POINT PROPERTY
VIA HARMONIC MAPS
(SHIN NAYATANI)









1720 2010 112-138 112




















$G$ (lattice) $\Gamma$ $G$





$SO^{+}(n, 1)(n\geq 3)$ 1960
Calabi [7], Weil [41]
1967
Mostow [34] – –
$SO^{+}(n, 1)(n\geq 3)$
Mostow
SL $($ 2, $\mathbb{R})$ 1
( ) Mostow
[35].







$1$ (Margulis [30] ). $G=$ SL$(n, \mathbb{R})(n\geq 3),$ $H=$
SL $(m,\mathbb{R})$ $\Gamma$ $G$ $\rho:\Gammaarrow H$ $H^{4}$
$\rho$ -$\rho$ : $Garrow H$
1.2. ? SO$(n, 1)$ , su$(n, 1)$ 1
Margulis 1992





Corlette [8] 1 Sp$(n, 1)(n\geq 2),$ $F_{4}^{-20}$
Margulis






$X=$ SL $(n, \mathbb{R})/SO(n)$ , $Y=$ SL $(m, \mathbb{R})/SO(m)$









$d,$ $\delta$ $T^{*}X\otimes f^{-1}TY$
$\nabla$ ($f$ ) $\nabla df$ $ddf$
$\nabla df$ $ddf=0$
$\triangle f:=tr_{g}\nabla df=0$ $\delta df=0$ $f$
$\triangle df^{d}=^{ef}(d\delta+\delta d)df=0$ $df$ $f^{-1}TY$ 1
$f$ $\nabla df=0$ $df$
$T^{*}X\otimes f^{-1}TY$




1( [33], [25] ). $G,$ $X$ 1
, $\Gamma$ $G$ $Y$ $\rho:\Gammaarrow$
Isom(Y) $\rho(\Gamma)$ $Y(\infty)$











Bochner $,$ Bochner [3]
1
1 Bochner




:$\int_{M}\langle-\triangle df,$ $df \rangle dv=\int_{M}(|\nabla df|^{2}+\sum_{i}\langle df(Ric^{M}(e_{i})),$ $df(e_{i})\rangle$
$- \sum_{i,j}\langle R^{N}(df(e_{i}), df(e_{j}))df(e_{j}),$
$df(e_{i})\rangle)dv$ .




Bochner ( ) 2
1 ( 1 )
( 2










$\acute{S}$wi\S tkowski [1], Zuk [43] Garland




2. $G=$ SL$(n, \mathbb{Q}_{p})^{6}(n\geq 3),$ $H=$ SL $(m, \mathbb{Q}_{r})$ $\Gamma$ $G$
$\rho:\Gammaarrow H$ , $H$
$p=r$ $\rho$ $\rho:Garrow H$ $\rho(\Gamma)$
$H$
$SL(n,\mathbb{Q}_{p})$ $SL(n,\mathbb{Z}_{p})$









































$m$ $\Gamma$ Aut $(X, m)$ $\Gamma$ $x$
8 $Y$ CAT(0)
$\rho:\Gammaarrow Isom(Y)$





$df_{x}$ :(Lkx) (0) $arrow TC_{f(x)}Y$
$df_{x}(x’)=\exp_{f(x)^{-1}}f(x’)$ ( $x’\in$ (Lkx) (0) )
$\triangle f$




1. $x\in X(0)$ $\triangle f(x)=0_{f(x)}$ $f$
(harmonic)
$x$ 2 $x$ 1 (
1 )
CAT(0) $Y$ $Y$
Lebeau [29] $Y$ - [28]
1
$x$ 2
(cf. [39, 40, 21]): $Y$ $\rho$ (Jost [24]
) $\rho$ $f:X(0)arrow Y$
2.2. Garland Wang
4.
$\frac{1}{2}\sum_{x\in \mathcal{F}(0)}m(x)d_{f(x)}(\triangle f(x), 0_{f(x)})^{2}$
$= \sum_{x\in \mathcal{F}(0)}[,\sum_{(x}m(x, x‘, x’’)d_{f(x)}(df_{x}(x’), df_{x}(x"))$
2
$- \frac{1}{2}\sum_{x’\in(Lkx)(0)}m(x, x’)d_{f(x)}(df_{x}(x’), \triangle f(x))^{2}$
$+ \sum_{(x,x}m(x, x’, x’’)\{d_{Y}(f(x’), f(x’’))^{2}-d_{f(x)}(df_{x}(x’), df_{x}(x’’))^{2}\}]$ .




$Ballmann-\acute{S}$wi4tkowski [1], Zuk [43]
Wang [39, 40], Gromov [15],
[21] 4
Garland
Pansu [37] Garland 3
(Garland
$,$
$[21]$ Appendix $\ovalbox{\tt\small REJECT}$ )
4 $[$ $]$ 3 $Y$
$Y$ CAT(0) $\exp_{y}^{-1}:Yarrow$
$TC_{y}Y$
1 2 1 Garland
Garland
Garland M. T. Wang [40]
2(Wang ). $\varphi:(Lkx)(0)arrow TC_{y}Y$
$RQ(\varphi)=\frac{\sum_{(x’,x’’)\in(Lkx)(1)}m(x,x’,x’’)d_{y}(\varphi(x’),\varphi(x’’))^{2}}{\sum_{x\in(Lkx)(0)}m(x,x)d_{y}(\varphi(x’),\overline{\varphi})^{2}}$
$d_{y}$ $TC_{y}Y$
$\overline{\varphi}=$ bar $(, \sum_{x\in(Lkx)(0)}\frac{m(x,x’)}{m(x)}Dirac_{\varphi(x’)})$
(cf. 8)
$\lambda_{1}$ $($Lkx, $TC_{y}Y)= \inf_{\varphi}$ RQ $(\varphi)$
Wang Lkx 2 ( $X$ 3
$)$ $TC_{y}Y$




(2) Garland $\geq$ $(\lambda_{1}$ $($Lkx, $TC_{f(x)} Y)-\frac{1}{2})$
$\cross\sum_{x’\in(Lkx)(0)}m(x,$
$x’)d_{f(x)}(df_{x}(x’),$ $\triangle f(x))^{2}$
$x\in X(0),$ $y\in Y$ $\lambda_{1}$ $($Lkx, $TC_{y}Y)\geq 1/2$
Garland
$x\in X(0),$ $y\in Y$ $\lambda_{1}($Lkx, $TC_{y}Y)>1/2$
5. $x\in X(0),$ $y\in Y$ $\lambda_{1}$ $($Lkx, $TC_{y}Y)>1/2$
$\rho$ $f:X(0)arrow Y$
$\rho$ $f:X(0)arrow Y$ $\rho(\Gamma)$ $Y$
9.
Wang $\rho$
3. $\Gamma$ $Y$ (fixed-point property)
$\rho:\Gammaarrow$ Isom$(Y)$ $\rho(\Gamma)$ $Y$
4. $\mathcal{H}$ Kazhdan (T) [2]





$9_{\rho(\gamma)f(x)=f(\gamma x)=f(x)}$ $\rho(\Gamma)$ $f$ (1 )
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6( -N. [21], Gromov [15]). $\epsilon>0$ $x\in$
$X(0),$ $y\in Y$ $\lambda_{1}($Lkx, $TC_{y}Y)\geq 1/2+\epsilon$
















$G=$ SL $($ 3, $\mathbb{Q}_{p}),$ $H=$ SL $($ 3, $\mathbb{Q}_{r})$ $\Gamma$ $G$ $\rho:\Gammaarrow$
$H$ $X,$ $Y$ $G,$ $H$
2.1





(3) $\lambda_{1}$ $($Lkx, $TC_{y}Y)\{$ $=> \frac{1}{\frac{21}{2}}$
($p\neq r$ $F$ $y$ )
($p=r$ $y$ )










(i) $x’\in$ (Lkx) $(O)$ $f(x)=f(x’)$ .
(ii) RQ $(df_{x})=\lambda_{1}$ $($Lkx, $TC_{f(x)}Y)=1/2$ $f(x)$ $Y$
(i) (ii)




$f$ $\rho$ -$\rho$ : $Garrow H$
$10_{y}$ $\lambda_{1}$ $($Lkx, $TC_{y}Y)>1/2$ (cf. 1).













Wang $\lambda_{1}$ $($Lkx, $TC_{y}Y)$
(Lkx 1 ) 2 -
4 ([21]). $TC_{y}Y$ $\mu=\sum_{i=1}^{m}t_{i}Dirac_{v_{i}}$
$\in[0,1]$
$\iota:supp\muarrow \mathbb{R}^{m}$
















$supp\mu$ $\mathbb{R}^{m}$ ( )
$\mathbb{R}^{m}$ (bar $(\mu)$ )
$\delta(\mu)$
$\delta(\mu)$ $[$ $]$ $\iota$
$\delta$ Wang
7.
$(1-\delta(TC_{y}Y))\lambda_{1}$ (Lkx, $\mathbb{R}$ ) $\leq\lambda_{1}$ $($Lkx, $TC_{y}Y)\leq\lambda_{1}$ (Lkx, $\mathbb{R}$).
Wang Lkx( 1 )
CAT(0) $TC_{y}Y$




7 $Y$ $\lambda_{1}$ (Lkx, $\mathbb{R}$) $x$
$X$
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$\delta_{0}\in[0,1]$ CAT(0) $Y$ $y\in Y$
$\delta(TC_{y}Y)\leq\delta_{0}$ $\mathcal{Y}_{\leq\delta_{0}}$
8. $X,$ $\Gamma$ (\S 4)
























$\lim_{marrow\infty}\frac{\#\{\langle S|R\rangle\in \mathcal{P}(m,d)|\text{ }\langle S|R\rangle \text{ }P\text{ }\}}{\mathcal{P}(m}=1$
$d$ 1 $P$







3 ( ) $\mu$
$\delta(\mu)=0$ 3
$v_{1},$ $v_{2},$ $v_{3}$ $\mu=\sum_{i=1}^{3}t_{i}Dirac_{v_{i}}$ $\mu$
bar $(\mu)$ ( 3 )O
130
$\delta(\mu)=0$ (bar $(\mu)\neq 0$ ). $e$
$v_{1}$ $\circ$ 1 $s\geq 0$
$F(se)$ $= \sum_{i=1}^{3}t_{i}d$ ( $v_{i}$ , se)2
$=t_{1}(|v_{1}|-s)^{2}+t_{2}(|v_{2}|+s)^{2}+t_{3}(|v_{3}|+s)^{2}$
$=F(0)+2s(-t_{1}|v_{1}|+t_{2}|v_{2}|+t_{3}|v_{3}|)+s^{2}$
$d$ $|v_{i}|=d(v_{i}, 0)$ bar $(\mu)=0$
$F(se)$ $s=0$ $t_{1}|v_{1}|\leq t_{2}|v_{2}|+t_{3}|v_{3}|$
$t_{1}|v_{1}|\leq t_{2}|v_{2}|+t_{3}|v_{3}|,$ $t_{2}|v_{2}|\leq t_{3}|v_{3}|+t_{1}|v_{1}|,$ $t_{3}|v_{3}|\leq t_{1}|v_{1}|+t_{2}|v_{2}|$

















[21] $)$ . $TC_{y}Y$ $0$ 1
$Lky$
$($ cf. $3)$ . $v_{1}$ , . . . , $v_{14}$ $,$ $\mu_{0}=\sum_{i=1}^{14}\frac{1}{14}Dirac_{v_{i}}$
$\delta(\mu_{0})\geq c(2)$
$\varphi_{0}:(Lky)(0)arrow TC_{y}Y$ RQ$(\varphi_{0})=21/(3x14)=1/2$
- 7 [21] RQ $(\varphi_{0})\geq(1-\delta(\mu_{0}))\lambda_{1}(Lky,\mathbb{R})$




$\delta(\mu_{0})\leq c(2)$ , $\delta(\mu_{0})=c(2)$
$\mu\mapsto\delta(\mu)$
$\mu_{0}$
$\delta(\mu_{0})\leq c(2)$ $\{v_{1}, \ldots,v_{14}\}$
$V= \bigoplus_{i=1}^{14}\mathbb{R}v_{i}$ $\langle$ , $\rangle_{a,b}$
$\langle v_{i},$ $v_{j}\rangle_{a,b}=\{\begin{array}{ll}1, d_{c}(v_{i}, v_{j})=0,1/2, d_{c}(v_{i}, v_{j})=1,a, d_{c}(v_{i}, v_{j})=2,b, d_{c}(v_{i}, v_{j})=3\end{array}$
$d_{c}$
{, $\rangle_{a,b}$ $V$ $(V_{0})_{a,b}$
$(V_{0})_{a,b^{d}}=^{ef}\{v\in V|$ $w\in V$ $\langle v,$ $w\rangle_{a,b}=0\}$
13
132
$W_{a,b}^{d}=^{ef}V/(V_{0})_{a,b}$ $W_{a,b}$ $\langle$ , $\rangle_{a,b}$
$W_{a,b}$
$\pi:Varrow W_{a,b}$ $\iota_{a,b}:supp\mu_{0}arrow W_{a,b}$
$\iota_{a,b}:v_{i}\mapsto v_{i}\in V\mapsto\pi(v_{i})\in W_{a,b}$
$\iota_{a,b}$
$||\iota_{a,b}(v_{i})||=d$ ( $v_{i}$ , bar $(\mu_{0})$ ) $(i=1, \ldots, 14)$
(bar $(\mu_{0})=0$ ), 1
{, $\rangle_{a,b}$




1. $Y$ $SL(3, \mathbb{Q}_{r})$ $y\in Y$
$\delta(TC_{y}Y)=1-\frac{r+1}{2(r-\sqrt{r}+1)}$
1. 1 (3) $x$ $SL(3, \mathbb{Q}_{p})$
$x\in X(0)$ 1 $y$
$p\geq r$ (3) : 7 (1)
$\lambda_{I}$ $($ Lkx, $TC_{y}Y)$ $\geq$ $(1-\delta(TC_{y}Y))\lambda_{1}$ (Lkx, $\mathbb{R}$ )
$=$ $($ 1 $-c(r))(1-\sqrt{p}/(p+1))$
$=$ $\frac{1-\sqrt{p}/(p+1)}{2(1-\sqrt{r}/(r+1))}\{\begin{array}{l}>\frac{I}{2} (p>r)=\frac{1}{2} (p=r) .\end{array}$
14
$(\langle v_{i}, v_{j}\rangle_{a,b})$ $(1-a)\pm\sqrt{2}(1/2-b)$ ( 6), $7(a\pm b)+(1-a)\pm 3(1/2-b)$
( 1) (cf. [21, \S 6]). $a,$ $b$ $\dim W=7$
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$y\in Y$ $\delta(TC_{y}Y)=0$
$\lambda_{1}($Lkx, $TC_{y}Y)=\lambda_{1}$ (Lkx, $\mathbb{R}$ ) $=1-\sqrt{p}/(p+1)>1/2$
3.
CAT(0)
5. (simplicial complex) $x$ $s$
$(X,S)$
(i) $x\in X$ $\{x\}\in S$
(ii) $s\in S,$ $t\subset s\Rightarrow t\in S$
$x$ $k$ $X(k)$
$x$ (admissible weight)
$m: \bigcup_{k\geq 0}X(k)arrow \mathbb{R}$
$m(s)= \sum_{t\in X(k+1),t\supset s}m(t)$
$(s\in X(k))$
$X$ $m$ $X$
$m$ Aut $(X, m)$
$x\in X(0)$
$\{x’\in X|\{x, x’\}\in X(1)\}$ , $\{s\in S|\{x\}\cup s\in S, \{x\}\cap s=\emptyset\}$
$X$ $x$ (link)
Lkx $X$ $m$ $m_{x}(s)=$




$6$ (cf. [4]). $(Y, d)$ CAT(0) (CAT(0) space)
:
(i) $Y$ (geodesic space)
$,$
$Y$ 2
$x,$ $y$ $c:[0,1]arrow Y$ $c(0)=x,$ $c(1)=y$
$d(c(t), c(t’))=d(x, y)|t-t’|$ $(t, t’\in[0,1])$
( $c$ )
(ii) $Y$ $\triangle(3$ 3
) $\triangle$ $\mathbb{R}^{2}$ ( $\triangle$
) $\triangle$ 2 $x,y$










7. $Y$ CAT(0) $c,$ $c’$ $y\in Y$
$c$ , c’ $y$ $\angle_{y}(c, c’)$ -y–c(t)–c(t/)
$\overline{y}$ $t,$ $t’arrow+0$ $y$
O
4 $($ ., $\cdot$ $)$
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$S_{y}Y$ $y$ $Y$ (space of directions)
$S_{y}Y$
$TC_{y}Y=S_{y}Y\cross[0, \infty)/S_{y}Y\cross\{0\}$
$y$ $Y$ (tangent cone)
$TC_{y}Y$ $\langle\cdot,$ $\cdot\rangle_{y}$ $d_{y}$
$\langle([c], t),$ $([c’], t’)\rangle_{y}=tt’\cos\angle_{y}(c, c’)$ ,
$d_{y}(([c], t), ([c’], t’))^{2}=t^{2}+t^{\prime 2}-2\langle([c], t),$ $([c’], t’)\rangle_{y}$
$[c]$ $c$ (
) $TC_{y}Y$
$)$ $(TC_{y}Y, d_{y})$ CAT(0)




8. $Y$ CAT(0) $\mu=\sum_{i=1}^{m}t_{i}Dirac_{y_{i}}$ $Y$
$F(z)= \sum_{i=1}^{m}t_{i}d(y_{i}, z)^{2}$ $Y$
$\mu$ (barycenter) bar $(\mu)$
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